The response of a single-atom detector, when placed at a point outside the horizon in Schwarzschild spacetime is the same as the response of a static single-atom detector in thermal Minkowski spacetime. So one cannot distinguish Schwarzschild spacetime from thermal Minkowski spacetime by using a single-atom detector. Here we show that beyond a characteristic length scale which is proportional to the inverse of the surface gravity κ, the Resonance Casimir-Polder interaction (RCPI) between two entangled atoms is characterized by a 1/L 2 power-law decay for the Schwarzschild spacetime when the atoms are located close to the horizon. However, the RCPI between two entangled atoms is always characterized by a 1/L power-law decay for the thermal Minkowski spacetime. These two spacetimes can be distinguished therefore using RCPI.
I. INTRODUCTION
Casimir Polder interaction (CPI) is a very interesting phenomenon that arises due to the vacuum fluctuations of quantum field. The effects of the CPI are widely investigated in many branches of physics with fairly accurate experimental corroboration [1] . Successful efforts have been made to probe more complicated contexts like entanglement [2] , spacetime curvature [3] [4] [5] , Unruh effect [6] [7] [8] and to check thermal and nonthermal scaling in black hole spacetime [9] . Information of background spacetime and relativistic motion of interacting systems can be extracted from modification of CPI due to them [3] [4] [5] [6] [7] [8] [9] [10] .
It is well known that the response of a single-atom detector when placed at a point outside the horizon in Schwarzschild spacetime is the same as the response of a static single-atom detector in thermal Minkowski spacetime [11] [12] [13] [14] [15] [16] [17] [18] . So one cannot distinguish these two spacetimes by using a single-atom detector.
In this paper, we follow the method as used in [3] where the RCPI occurs when one or more atoms are in their excited states and the real photons are exchanged between them [19, 20] . In our system two entangled atoms are coupled with a massless scalar field. Here we consider the atoms in Schwarzschild spacetime and in thermal Minkowski spacetime. We show that beyond a characteristic length scale which is proportional to the inverse of the surface gravity κ, the RCPI between two entangled atoms is characterized by a 1/L 2 power-law decay for the Schwarzschild spacetime when the atoms are located close to the horizon. However, the RCPI between two entangled atoms is always characterized by a 1/L power-law decay for the thermal Minkowski spacetime. These two spacetimes can be distinguished therefore using RCPI. * Electronic address: cs12ip026@iiserkol.ac.in This article is organized as follows. In the section II, we follow the method as used in [3] . Here we apply the open quantum system approach [21] to get the effective Hamiltonian of the two atoms which interact weekly with a massless scalar field. Using this Hamiltonian, we can compute the shifts of the energy level of the symmetric state and the antisymmetric state of the two-atom system. It is shown that these shifts of the energy level are related to the two-point functions which can be calculated along the trajectories of the atoms and thus they depend on the spacetime background. As a result, these shifts of the energy level are different in different spacetimes.
In the section III, we compute the two-point functions and the shifts of the energy level of the symmetric state and the antisymmetric state for two static atoms in Schwarzschild spacetime when the atoms are located close to the horizon. We show that beyond a characteristic length scale which is proportional to the inverse of the surface gravity κ, the RCPI between two entangled atoms is characterized by a 1/L 2 power-law decay for this spacetime.
In the section IV, we compute the RCPI between two entangled atoms for thermal Minkowski spacetime. We show that the RCPI is always characterized by a 1/L power-law decay for this spacetime.
II. TIME EVOLUTION OF TWO ATOMS
Here we follow the method as used in [3] and throughout the paper, we use natural units where c = = 1. For convenience, we adopt the same notations as in [3] . Now we consider two atoms which are mutually independent and identical and these atoms interact weekly with a massless scalar field. Each atom has two internal energy levels correspond to two eigenstates, + 1 2 ω 0 for the excited state, |e , and − 1 2 ω 0 for the ground state, |g , respectively. The total Hamilton of the system is given by [3] ,
where
is the total Hamilton of two isolated atoms where superscript (1 or 2) labels the atom number, σ j with j ∈ {1, 2, 3} are Pauli matrices. Here H F is the free Hamiltonian of the field and H int is the field-atom interaction term which is assumed to be [3] ,
where λ is the coupling constant which is taken to be small.
Initially, the total density matrix of the system can be expressed as ρ t (0) = ρ(0) ⊗ |0 0| because initially, it is assumed that there was no interaction between the atoms and the external field [3] . Here ρ(0) is the initial density matrix of the two-atom system and |0 is the vacuum state of the scalar field. In the frame of atoms which is also considered as a proper frame, the time evolution of the density matrix of the total system obeys von Neumann equation [3] i.e.
where τ is the proper time. We are interested in the time evolution of the two-atom system and in order to obtain the reduced dynamics, we trace out the field degrees of freedom i.e. ρ(τ ) = T r F [ρ t (τ )]. In the weakcoupling limit, the resulting equation then becomes the Kossakowski-Lindblad form [3, 22, 23] which is given by,
where H e is the effective Hamilton of the two-atom system which is given by [3] ,
Here we do not bother about the form of L[ρ(τ )] in equation (4) because it is not important in our calculation [3] . The elements, H
jk , in the the effective Hamilton, H e (5), can be determined by the Hilbert transforms of the two-point functions, K (ab) (Ω), which are given by [3] ,
where P is the principal value. Here G (ab) (Ω) denote the Fourier transforms of the two-point functions which are given by,
where G (ab) (∆τ ) indicate the two-point functions which are given by,
and ∆τ = (τ − τ ′ ). Then the explicit forms of the elements, H (ab) jk , can be written as [3] ,
where the parameters A (ab) and B (ab) are given by,
It has been already mentioned that the first term i.e. H A of the effective Hamiltonian, H e (5), is the total Hamilton of two isolated atoms. The last term of the effective Hamiltonian (5) i.e.
plays the identical role as the Lamb shift of the two-atom system which arises due to the interaction between the atoms and the external field [3] .
A. The shifts of the energy level of the two-atom system
It is shown that the shifts of the energy level of the symmetric state and the antisymmetric state of the twoatom system have to be calculated to evaluate the RCPI between two entangled atoms for different spacetime [3] . By calculating the average values of H LS on the symmetric state |S = 1 √ 2 (|e 1 |g 2 + |g 1 |e 2 ) and the antisymmetric state |A = 1 √ 2 (|e 1 |g 2 − |g 1 |e 2 ), one can obtain the shifts of the energy level of the symmetric state and the antisymmetric state as [3] ,
We note that these shifts of the energy level are related to the two-point functions through the equations (6)- (10) which can be computed along the trajectories of the atoms and thus they depend on the spacetime background. As a result, these shifts of the energy level are different in different spacetimes. Here we compute these shifts of the energy level for the Schwarzschild spacetime when the atoms are located close to the horizon and these shifts of the energy level for the thermal Minkowski spacetime.
III. RCPI FOR THE SCHWARZSCHILD SPACETIME WHEN TWO STATIC ENTANGLED ATOMS ARE LOCATED CLOSE TO THE HORIZON
A. Schwarzschild metric in near horizon region
Here we consider (3+1) dimensional Schwarzschild spacetime to compute the RCPI between two entangled atoms when the atoms are located close to the horizon. The Schwarzschild spacetime is described by the metric
where f (r) = (1 − r s /r) and r s = 2GM is the Schwarzschild radius related to the metric. A proper distance from the horizon to a radial distance r is defined by the formula [24] ,
In terms of l, the Schwarzschild metric (13) becomes
where f (r) = (1 − r s /r(l)). Now near the horizon, where r = r s + δ and l = 2 √ r s δ, within the leading order approximation, the Schwarzschild metric (15) becomes [24] [25] [26] [27] 
Here we have considered δ is a positive parameter and δ << r s . Now we can define new coordinates which are given by,
Using these coordinates (17), the metric (16) becomes
If we only focus on a small angular region near the horizon which is around θ = 0 then we can replace the angular coordinates with the Cartesian coordinates which are given by [24, 27 ]
Using these coordinates (19) , the equation (18) becomes
which expresses the Minkowski spacetime [24] .
B. Resonance Casimir-Polder interaction
In the position space, using the coordinates of the inertial metric (20) , the two-point function for a massless scalar field can be expressed as
where |0 indicates corresponding vacuum state. It can be shown that in Fock quantization, the two-point function (21) becomes in this usual form [13, 17] ,
2 is the Lorentz invariant spacetime interval and ǫ is a small, positive parameter which is introduced to evaluate two-point function.
Now we assume that two static atoms are located at the position (r, θ, φ) and (r, θ ′ , φ) which are close to the horizon and the angles θ and θ ′ are taken to be small. Using the equations (8, 17, 19, 22) , we obtain the two-point functions for these two spacetime points which are given by,
and
where ∆τ = l 2rs (t − t ′ ) = l 2rs ∆t with τ which is the proper time of the static atoms in the Schwarzschild spacetime and ∆θ = (θ − θ ′ ). Now using this two-point functions (23, 24) , we can compute the Fourier transforms (7) of these two-point functions which are given by,
where we define g(Ω, z) =
. Within the leading order approximation, here L = r s (∆θ) denotes the proper distance between the two points (r, θ, φ) and (r, θ ′ , φ) which are close to the horizon where the angles θ and θ ′ are taken to be small. Now using the Fourier transforms of two-points functions (25, 26) , we can compute the Hilbert transforms of the two-point functions (6) which are given by,
After putting these Hilbert transforms into the equations (9) and (10), we get (27) where the parameters A 1 , B 1 , A 2 and B 2 are given by,
Using the equations (27) and (28), one can calculate the shifts of the energy level of the symmetric state and the antisymmetric state of the two-atom system (12) which are given by,
From the above equations (29) , it is shown that the shifts of the energy level of the symmetric state and the antisymmetric state depend on the proper distance, L, between the atoms. So the interatomic interactions exist in the symmetric state and the antisymmetric state of the two-atom system [3] . Again for computing CasimirPolder force between the two atoms, one has to take the derivative with respect to L. So one can neglect the terms which do not depend on L from the above equations (29) to rewrite the interatomic interactions [3] . The interatomic interactions for the symmetric state and the antisymmetric state of the two-atom system are then given by,
We can evaluate the integral in the above equations (30) analytically and the results are given by,
These are the resonance interatomic interactions between two entangled atoms for the Schwarzschild spacetime when the atoms are located close to the horizon. We note that the characteristic length scale l which up to the leading order approximation is equal to √ 1− rs r κ , where κ = 1 2rs is the surface gravity. In order to investigate the detailed behavior of the RCPI between two entangled atoms widely, here we consider both the limits of the proper distance between the atoms which are larger and smaller than the characteristic length scale. When the proper distance between two atoms is larger than the characteristic length scale, the metric shows a strong noninertial character where the results should be different with that corresponding to the Minkowski spacetime. Whereas, when the proper distance between two atoms is smaller than the characteristic length scale, it is possible to find a local inertial frame where the results should be the same, as obtained in Minkowski spacetime.
From equation (31) , it is shown that in the limit L >> l (or ∆θ >> 2 δ rs ), the RCPI can be expressed as
and in the limit L << l (or ∆θ << 2 δ rs ), the RCPI can be expressed as
Here we have shown that beyond a characteristic length scale which is proportional to the inverse of the surface gravity κ, the RCPI between two entangled atoms is characterized by a 1/L 2 power-law decay for the Schwarzschild spacetime when the atoms are located close to the horizon. We have also shown that beyond the characteristic length scale, the RCPI depends on the characteristic length scale which is also related to temperature T = 1/2πl = κ 2πkB √ 1− rs r measured by a static observer near the horizon. This temperature is equal to the Hawking temperature [11] [12] [13] [14] [15] [16] [17] [18] measured by the observer [11] [12] [13] [14] [15] [16] [17] [18] .
IV. RCPI FOR THE THERMAL MINKOWSKI SPACETIME
Here we consider two static atoms in Minkowski spacetime to compute RCPI. These atoms are coupled to a massless scalar field in a thermal state with the temperature T = 1/2πl. The two-point functions for this case are given by [3, 13] ,
where ∆τ = t − t ′ with t which is the proper time of the static atoms in Minkowski spacetime and L = 2r sin(∆θ/2) is the Euclidean distance between them when the atoms are located at the position (r, θ, φ) and (r, θ ′ , φ) in this spacetime [3] . From these two-point functions, one can compute the RCPI between two entangled atoms for the thermal Minkowski spacetime using the similar method. The interatomic interactions for the symmetric state and the antisymmetric state for this spacetime look like [3] ,
Here we have shown that the RCPI between two entangled atoms is always characterized by a 1/L power-law decay for the thermal Minkowski spacetime. We have also shown that the RCPI for this spacetime is always temperature-independent and similar to the RCPI between two inertial atoms which is shown in the equation (33) .
V. DISCUSSION
Here we have applied the open quantum system approach to get the effective Hamiltonian of the two atoms. This effective Hamiltonian allow us to compute the RCPI between two entangled atoms. Subsequently, we have calculated the RCPI for the Schwarzschild spacetime when the atoms are located close to the horizon. We have shown that beyond a characteristic length scale which is proportional to the inverse of the surface gravity κ, the RCPI is characterized by a 1/L 2 power-law decay for the Schwarzschild spacetime. We have also shown that beyond the characteristic length scale, the RCPI for this spacetime depends on the characteristic length scale which is also related to the temperature measured by a static observer near the horizon. Whereas, the RCPI is temperature-independent and is always characterized by a 1/L power-law decay for the thermal Minkowski spacetime. In summary, if one computes the Resonance Casimir-Polder force between the atoms then it can be shown that this force will decrease more quickly with L for the Schwarzschild spacetime than that for the thermal Minkowski spacetime. Due to the completely different power-law decay behavior of the RCPI between two entangled atoms, these two spacetimes can be distinguished therefore using RCPI.
